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INTRODUCTION 
This paper concerns attractivity of periodic orbits which arise in the Hopf 
bifurcation for a one parameter family of o.d.e. 
i = f (4 z). t*> 
puElR, zEiR2, j-e@+], h > 3, f(,u, 0) = 0. Moreover, there exists a 
neighborhood of p = 0, z = 0 such that the origin is an isolated critical point. 
It is known [ 1,2] that, under some conditions onf, a sudden change in the 
asymptotic properties of the flow near z = 0 when p crosses the critical value 
p = 0, gives rise to an annulus, whose boundary consists of two closed orbits 
arount the origin. To be more precise if, for p = 0, the origin is 
asymptotically stable and, for p > 0, is completely unstable, then the annulus 
is asymptotically stable, that is, it “inherits” the origin’s previous property. 
In looking for attractive periodic orbits (instead of attractive annuli), the 
only hypothesis for the origin to be asymptotically stable for p = 0 is, in 
general, not sufficient. It may be shown [3] that a sufftcient condition for the 
existence of attractive periodic orbits is that the attractivity property of the 
null solution of (*) for p = 0, is recognizable upon some truncation off@, a) 
up to order K; we call this property K-asymptotic stability. 
* Work performed under the auspices of the Italian Council of Research (C.N.R.). 
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In [3] the authors make use of the fact that the r.h.s. of (*) have a linear 
part different from zero. In this paper we deal with o.d.e. whose r.h.s. have a 
possibly vanishing linear part and generalize the quoted result. To do this we 
make suitable hypotheses on f, which reduce to the classical ones for 
ordinary Hopf bifurcation in the case that a linear part is present. To 
recognize the K-asymptotic stability (or K-complete instability) of the origin 
for ,D = 0, we make use of a method consisting of the construction of an 
auxiliary function having special properties along the solutions. This method, 
due to Malkin [4], is unfortunately more difficult than the one employed in 
[ 31, which is a purely algebraic method due to Liapunov and Poincare [ 5 ]. 
In our case, we discuss some differential systems suitably related to (*) for 
,D = 0. By only inspecting the r.h.s. of these new differential systems, we are 
able to conclude about attractivity (or repulsivity) of the origin. This then 
implies the attractivity (or repulsivity) of the bifurcating periodic orbits. 
In Section 1 we give preliminaries that will be needed in the sequel. In 
Section 2 we show the existence of periodic orbits by means of a generalized 
formulation of the Hopfs theorem. In Section 3 we introduce the method of 
Malkin and give a characterization of m + N-asymptotic stability. Finally, in 
Section 4, we prove the attractivity of the periodic orbits. 
1. PRELIMINARIES 
Let D c IR2 be a neighborhood of the origin and Z c IR an interval of the 
real line including 0. Let us consider the differential system 
where @,x,y) E Z x D, m > 1, l> 3; X, and Y, are homogeneous 
polynomials of degree s in (x, y), whose p-dependent coefficients belong to 
%7’“+ ‘[I, IR]; X and YE 59 “‘+l[Z x D, IR] start with terms of order m + 1 + 1 
in (x, y). We make the following assumption: 
(Hl) m is odd and the form of degree m + 1: Y,,,x - X,y is sign 
definite at Z.J = 0. 
Rewriting (1.1) in polar coordinates 
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We will call simply R and G the forms of degree m + 1, R,, i and G,, r, 
which will occur often in the sequel. Hypothesis (HI) allows us to write 
4 pmR(,u,8)+... +pmttR,+,+,01,8)+~~,~,8) -= 
dt’ pm-‘G(u, 0) + ... + P~+‘-~G~+,+,@, 6) + y’cu, P, 0) (1.3) 
and applying the Maclaurin formula, we get 
4 RCu, 0) -= 
d% p ~301, e) 
___ +m.&p, 0 
where .% is of order 22 in p. 
For each ,B E I the solution of (1.4) with initial condition p(u, c, 0) = c is 
given by 
pc,bc,8)= \‘ CiuicU, 0) + f 01, c, 0): 
i=l 
(l-5) 
fof order > m + I in c. The ui’s are such that u,@, 0) = 1 and ui&, 0) = 0 for 
if 1. 
Deriving (1.5) with respect to 9, substituting in (1.4) and equating the 
terms of the same order in c, we get a differential system in ui. In the ith 
differential equation determining uir there appear only the forms X, and Y, 
with m <s < m + i - 1 and every ui is known, once all those before are 
known. In particular. 
We make the further assumptions 
!H2) c 
*= R(O, 0) dB = o 
0 WA 0) ’ 
(H3) (Generalized transversality hypothesis) 
(1.7) Remark. m = 1: usual Hopf bifurcation. If m = 1, (1.1) becomes 
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where a+) and &I) are the real and imaginary part, respectively, of the 
couple of eigenvalues associated with the linearized system and @, Y are of 
order >2 in (x, y). In this setup, hypotheses (Hl)-(H3) are the obvious 
generalization to the case m > 1 of the usual assumptions on a(,~) and /I@), 
in order that Hopf bifurcation may occur. Precisely they express the 
hypotheses /3(O) # 0, a(O) = 0 and a’(0) > 0, respectively. 
2. EXISTENCE OF PERIODIC SOLUTIONS 
For ($, c) E Z x D let us define the following function (“displacement 
function”): 
D(u,c)=p@,c,2n)-c= \’ 
j-2 
C’Ui(,u, 27r) + f@, c, 271) - c. (2.1) 
Setting 
m+l-I 
d(p, c) = \‘ & l~i(p, 271) +f” ” “) - 1 if c f 0, 
pj C 
LQ, 0) = 0, 
(2 2) 
it follows: 
DCU, c) = &I, c). (2.3) 
Definition (2.1) is well posed in a neighborhood of ,U = 0, c = 0, by (HI). It 
turns out that looking for periodic solutions of (1.1) is equivalent o looking 
for nontrivial zeros of D. One has from (H2), (H3) that 
qo, 0) = 0, $ (0,O) =2 (0,27r) < 0. 
So we have the following: 
(2.5) GENERALIZED HOPF'S THEOREM. Under hypotheses (Hl)-(H3)for 
system (1. 1 ), there exist two numbers E, o > 0 and a function 
p E SP+‘-2[[0, E[, R], p(O) = 0, such that for each c E IO, c[ and 
.u E ] - u, a[, the orbit of (1.1) through x = c, y = 0 is closed if and only if 
P = P(C)- 
409 ‘801 I 7 
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3. m +N-ASYMPTOTIC STABILITY:THE METHOD OF MALKIN 
Let us consider system (1.1) for p = 0, 
i = X,(0, x, y) + * *. + x,, I(03 x2 Y> + m-4 4 Y>, 
j, = Y,(O, x, y) + . *. + y, + ,(a x, v) + Y(O, x, Y), 
(3.1) 
together with the same system in polar coordinates 
~=p~~(0,e)+~~~+pm+‘~m+~+~(0,8)+~(0,p,8), 
&pm-l G(0, 0) + .a. +pm+‘-lG,+,_l(O, 0) + p(O,p, 6). 
(3.2) 
We want to recall, at this point, a method due to Malkin which generalizes 
the well-known method of Liapunov-Poincare [5], a procedure that deter- 
minates the asymptotic character of the null solution of (3.1). The idea of 
this procedure is to construct, whenever possible, a positive definite function 
defined as 
up, 0) = P2v1*(Q + ..* + P”rp,(@, (3.3) 
where a is an integer, rpi E SF’[iR, R] are 2x-periodic for i = 2,..., a and such 
that V has the following property along the solutions of (3.2): 
I$, L9) = gp”+“-’ + viJ.3, e>, (3.4) 
g # 0 constant, v of order > m + a in p and 2n-periodic in 8. We denote by 
] pIi, m + 1 < i ,< m + 1, the i-th term in the Maclaurin formula for v(., 0). It 
must be observed that, for (H2), a qp2 may always be found in such a way 
that [%+1 = 0. Let us suppose now that (p2,..., oM- I have been chosen 2n- 
periodic, for some integer M, so that [VI,,,,, = ... = [ ti],+,_, = 0. Then we 
get 
(A) if M is odd, o,+, may be determined to obtain [v’],+,- i = 0; 
(B) if A4 is even, ‘pM may be chosen to get 
PI m+M-, = g,&fPm+M-l, 
where g, is an uniquely determined constant, depending only on the first 
M- 2 terms of the r.h.s. of (3.1). 
Going on, one of the following possibilities must occur: 
(1) g, = 0 for all M integers; 
(2) there exists an even integer a such that: 
Ir’l m+l = *.. = [V] m+a-2 =o and [v]m+a-l =gpm+a-’ 
with g different from zero. 
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In case (2) the method is said to be finite. 
For each N> 1, we give now the following: 
(3.5) DEFINITION. The null solution of (3.1) is said to be m + N- 
asymptotically stable (resp. m + N-completely unstable) if 
(i) the null solution of the system 
i =X,(0,.% Y) + *.- +X,+,(0,x, Y> + @x3 Y>Y 
4; = Y,(O, x, Y) + a** + Y,+,(O, XT Y) + r(x, Y>, 
(3.6) 
is asymptotically stable (resp. completely unstable) for any choice of <, 
r~V[D,ll?] oforder>m+N; 
(ii) N is the least integer for which (i) is true. 
(3.7) THEOREM. A necessary and suflcient condition for the null 
solution of (3.1) to be m + N-asymptotically stable (resp. m + N-completely 
unstable) is that the Malkin’s method is finite with a = N + 2 and g < 0 
(resp. g > 0). 
ProoJ: We will prove the theorem for m + N-asymptotic stability only. 
The other case may be proven in exactly the same way. 
Suflciency. V is positive definite; furthermore ri is negative definite 
along the solutions of (3.2). Then, by a theorem of Liapunov, the null 
solution of (3.1) is asymptotically stable. Moreover, by the construction of 
V, the null solution is asymptotically stable for any system (3.6). We have 
still to show that, for any integer K < N, it is possible to choose c and 
tE SY[D, R] of order greater than m + K in such a way that the origin for 
the system 
1=X,(0,x, Y) + a** +X,+,(O,x,Y) +&Y), 
4’= Y,(O,X,Y) + ... + Y,+,(O, X,Y> + f@,Y), 
(3.8) 
is completely unstable. Let 
fix, Y> =X,+,(0, x3 Y> + & Y,(O, x, y>(x’ + Y2Y2, 
%G Y> = Y,+,(O, x, Y> +(o, x, y)(x’ + y2y2, 
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where 
A>-gB 
C’ 
B=j:n]exp [~oo(N+2)$$$ds]~ d0, 
(R’(0, 0) + G’(0, Q)/G*(O, 6) 
The function V for system (3.8) satisfies 
v(p,e>= g+$ 
c 1 
m+M+ 1 
+ a, 8); 
looking at (3.9) and the definition of c, t; we can conclude the first part of 
the proof. 
Necessity. Let us suppose the null solution of (3.1) is m + N- 
asymptotically stable and let [ li],+, = a.+ = [Vjlmtk+, = 0 for an integer 
k > N. By changing the terms of order m + k, as done before, one may get 
the complete instability of the origin, which leads to a contradiction. Then it 
must be 
IV’] m+l = ..* = [V],+,=O and WI = @ mtktl mtktl 
for some integer k < N and g # 0. It is immediately seen that, from the above 
proven sufficiency condition, g < 0 and k = N. 
(3.10) Remark. Suppose that the origin of (3.1) is m + N-asymptotically 
stable. Let us consider a solution (1.5) for P = 0 and c sufficiently small. If 
we evaluate the increment of V along this solution between B = 0 and 8 = 277 
by means of both (3.3) and (3.4), we see that in (1.5) the ui)s are 2zperiodic 
for i = l,..., N and u,, i is non periodic; moreover, u,, ,(O, 2n) has the same 
sign as g. 
(3.11) Remark. From the definition of D it follows: 
$g (0,O) = s! u,(O, 27r) for s > 1. 
These two remarks enable us to give the following: 
(3.12) THEOREM. Under the hypotheses (Hl )-(H3), a necessary and 
sufficient condition for the origin of (3.1) to be m + N-asymptotically stable 
(resp. m + N-completely unstable) is that 
Jg (O,O)=O for 1 <s < N, 
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and 
aN+ ‘D 
acy+’ (0,O) < 0 (resp. > 0). 
4. ATTRACTIVITY OF THE PERIODIC ORBITS 
Denote by FK+, =F(X,,,+l,...,X,,,+,v; Ym+,,..., Ym+N) the set of couples 
of functions (P, Q) E @ mtN[Z x D, R] such that 
I%4 x9 Y>lm = reb4 x9 Y)l, = 0; (p(oY x, .Y)]f =xi(o, x, Y); 
[ Q(O, x9 Y>]i = yi(“Y x,y) for i=m+l,..., m+N. 
Let iuP,Q be the function of Theorem (2.5) relative to the system 
i = x,01, x, Y) + po1, x3 V>l 
i, = Y,,,cU, x, Y) + QcU, -G Y) 
(4.1) 
(4.2) DEFINITION. The cycles (c,p(c)) of (1.1) are said to be m + N- 
asymptotically stable (resp. m + N-completely unstable) if: 
(i) for each couple (P, Q) E Yz+, there exists an E~,~ such that the 
cycles (c,,~~,Jc)), c E [0, E,,~[ of (4.1) are asymptotically stable (resp. 
completely unstable). 
(ii) N is the least integer for which (i) is true. 
We shall denote by D,,, the displacement function for (4.1). From the 
identity 
DP,&p,&>, cl = 0 (4.3) 
it follows that if 
$ D,,,(O, 0) = 0 for l,<i<s<l (4.4) 
then 
-$P,,Q(O) = 0, l<j,<s-1 
and 
- 1 as+’ 
-&P,.QW = s 
[ 
acs+‘DP,Q(O, 0) 
I 
g dP,Q(O, 0) * 
I 
(4.5) 
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The method shown in Section 3 and the consequent characterization of 
m + N asymptotic stability given in Theorem (3.7), allows us to give the 
following theorem, whose proof is analogous to the one of Theorem 4.3 in 
131. Nevertheless we give the proof, for the sake of completeness. 
(4.6) THEOREM. Under the hypotheses (Hl)-(H3), the two following 
propositions are equivalent: 
(i) the origin for (3.1) is m + N-asymptotically stable (resp. m + N- 
completely unstable); 
(ii) there exists an v > 0 such that the family of cycles (c,,u(c)), 
c E [O, ~1, appears for ,u > 0 (resp. ,u < 0) and such cycles are m + N- 
asymptotically stable (resp. m + N-completely unstable). 
Proof. (i) 3 (ii). If the origin of (3.1) is m + N-asymptotically stable 
then it is also m + N-asymptotically stable for the system 
1 = X,(0, x, y) t P(% x7 Y), 
j = I',#, x, Y) t Q&h -G Y), 
(4.7) 
where (P, Q) E FK+, . Theorem (3.12) together with (4.5) enables us to say 
that a”,~~,c(O)/ac” > 0, i.e., vP,c > 0 exists such that pP,c is strictly 
increasing on IO, qP,c[. This implies that ,u,,, is invertible on this interval; 
that is, setting ,G = ,~,,c(v,,c), for each ,B E [O,,D[ there exists one and one 
only periodic solution of (4.1). Then, from [ 1,2] these orbits are attractive. 
Now it remains to show that for any integer K < N, we may choose a couple 
(f’, Q) EjrK,+, such that the origin for (4.7) is completely unstable. We 
complete the proof by methods analogous to those used in the sufftciency 
part of Theorem (3.7). 
(ii) G- (i). Making use of arguments similar to those used in the 
necessary part of Theorem (3.7), we can complete the proof of this theorem. 
(Note that the proof for m + N-complete instability can be accomplished 
in exactly the same way). 
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